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Logistic regression involves dﬂ“ect'rez modeling P(Y = k| X = z) using the logistic func-
tion for the case of two response classes. We now consider a less direct approach.

Idea:
"ﬁ\\n@' Mﬂde[ the  Mistrbition 12 e fredx‘f/fﬂff X SCPMJJ? In eacl, of- fe /‘e[ﬂon se dassess
& Lz (?’”"7) tmd Men wse  Bayes froewn Fo 1C[4p P R ﬁ/j eshmates o
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Why do we need another method when we have logistic regression?

1. oo claes ae well- sepocated porimek r espimad eI B log) 5 regress:én

act §u€ rc‘{;'/\é [? uastable.

9. |4 4 s small o distbuntias of pe dictors (s u‘opfﬂvmﬁ,ﬁz norwel
moeadh s LDA K mor stable Tan logishe rensitn.

3. [/\)e, m(gl“r LLMD more, frin o (‘ﬂ{FU/\Q{/ caa;;q.
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3.1 Bayes’ Theorem for Classification

Suppose we wish to classify an observation into one of K classes, where K > 2.

Cm‘ffblﬂ\”‘e J ton 'fdéa o K [)o%:.é’& ishhd ond wnordetef veallies,

Tk — Dl/&/cb“ or

“Fn\ar” PFDLaL; L\‘ij), T a mvfenly hoge., OLSCN"%"‘ Cownes from Te

k™ dass,

o "k/’)
filz) = #(x==]¥=x) (olscre
probubitch, T X Aakee vabe a pm Y o class k.
’[‘Auﬂy ‘Fu//\d'\UV\{,F X 4or om dbsangbion et Gomes frowm Lass k.

probobity HeA X Ltic ' 4 small rep prowmd X Prea IFE

o MR [ wse fre
2 2 X[y -k We Wi wse Q‘u;re,v: ‘wHion
PY=klX=2z)= Ty
( | x) §\< () Te C[wr‘; ’TW""‘) P () ac Lefore,
5, M5B " Y
" L3y l] - CalfﬂJ ﬂe fﬂf‘/‘ffo, FPOL QL;[A‘)} 'ﬁnj\
?(*:)L)‘ht Qan egflrwd'l:’/l towes fkm K Ol"SS

f(Xﬂb)‘, 5 gom K=,
In general, estimating my, is easy 1%’ we have a random sample of Y’s from the population.

&WVVJI'O ,h'ff rGlUHﬂ/) D«@ ‘/W}l/}li QLWS M Cswme fF)rm Tre k‘ﬁ’l c[qss.

Estimating f(x) is more difficult unless we assume some particular forms.
———

bt w (o tshnet jcb[xa e  con 066\"20,0 o daSAf?C\er 1t s
cose 4 e Whest U Clus, g, (more lader),
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Let’s (for now) assume we only have 1 predictor. We would like to obtain an estimate for

fr(x) that we can plug into ourformula to estimate px(z). We will then classify an obser—
aS‘:fjr' to vation to the class fo ich(p is greatest. Lo Tt i)
KTe
plass ™ { eshhaatiag TH Bﬂm classfen —’E"‘/

0 k¢5+ Suppose we assume that fi(z) is normal. In the one- dlmenélonfﬂ settmg, the normal den-
P"j s1ty takes the form

\S Ml[ blag‘;?‘w =14 ) = '_: exp l: _/4&77:[

2l n
Bﬁl fyl“w .
¥ EM class.
4o ,bi’l?:[uh‘m, [q; od i VoA dn L ud meon r;cmwkrs I
opne
. i de N . 5 R ‘k
;;LL:;’{r[ [/L‘{' ‘S CL[SD (‘(:Or hgu) ﬁ(f“.M& 6-' =_.. S'F = 6 (,SLW'C A \ Moneg (yy\)_

Plugging this into our formula to estimate pg(x),

‘ \ 'L]
o ? erp] - ;;1 (- m)

’L‘m\,, pebabilch T 2 obstadtin Ll b 27 closs,

We then assign an observation X = x to the class which makes pi(z) tthe largest. This is
equivalent to

Ctuta, le MV\N\/\J&>

O.Silrgh Gg{. dass o, {,JLx o
5, ()= - _/‘ﬁz + Loy (M)

Zé_
qug est.

Example 3.1 Let K = 2 and m; = m2. When does the Bayes classifier assign an observa-
tion to class 1?

Lhen Sl (;z;) > 52 ()7

2
& 23 (M) > M
= B - /*3"’1{2_"—:} dension J)DWLAM'T
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1
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_I6 _E,’ (l) é é
la Hus cose,
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CYGMF ( 2 t o, o

//L‘l: —’l,a 5 ALC"S'I(J/\ éwnlaﬂa G-/T O S—KC')(,’)"’ N(}AKJCL).

Ml; l.as => e cor ceate fe

6 - I &Q7Q} OLQ‘;&I:‘FIIer!
In practice, even if we are certain of our assumption that X is drawn from a Gaussian dis-
tribution within each class, we still have to estimate the parameters

/,Ll,...,p,K,ﬂl,...,TrK,0'2. __;D eshmade [304'155 dasq‘%'sz

The linear discriminant analysis (LDA) method approximated the Bayes classifier by plug-
ging estimates in for mx, ux, o2

Wi o ' dess k.

v S L Ve g-ﬁ_ Mq/\./z Csensdocm s 1k dass
‘/{Ak"_ "k \".‘I#.':k—

l K X a wu'a"""LJ average ,@ class vneeaces.
/\67_ - > i C—“’c(' ’/UL’K:) <

— Y\-—[< k=1 '\ja'l-:‘L
n = dotal & ki obe o © SR
L 7 Ao aeblen,
Ne = JF Dol oS, 1hclags < / L el i
Sometimes we have knowledge of class membership probabilities 71, ..., 7k that can be

used directly. If we do not, LDA estimates 7 using the proportion of training observa-
tions that belong to the kth class.
A N,

M=

k
The LDA classifier assignes an observation X = x to the class with the highest value of

A

A e
S (%)= x A, - M [o(a[ﬁg),

A

(( 62 9, 6—.74
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The LDA test error rate is approx1mately 12.22% while the Bayes classifier error rate is
approximately 10.52%.

Tre  Paves eray rade s fle Lest vt lon Posn‘blv do uifn pzaLLer,
(ue can w“a eshmate i kequse dms s a simadated exam/;le),

Te (DA O"fmﬁ-dn N wgst as well!

The LDA classifier results from assuming that the observations within each class come

from a normal distribution with a class-specific mean vector and a common variance o
normal distributio 1a88-SPeCIlic m

and plugging estimates for these parameters into the Bayes classifier. (\

We 1]
FHlax fwm3
W;;VMFI\m (et
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We now extend the LDA classifier to the case of multiple predictors. We will assume

Lomeedn
x= C%”" )x{") dravm fron milhvas'cfe Gawsn dsi L“/ class SP‘“'G(, MEem Vw""‘ ' LovinBnte
L tad: W('D’HNT 'IQLOWS a ND/MMI dsn a/w[ matn' X,

S6me toviam !gf;h\,av\ [ ampo/\-trTS.
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Formally the multivariate Gaussian density is defined as .  pebAx V5
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In the case of p > 1 predictors, the LDA classifier assumes the observations in the kth
class are drawn from a multivariate Gaussian distribution N (uk, ﬁ)/ Lovaman Vunince,

g f ¢ mepn resbr
Plugging in the density function for the kth class, results in a Bayeéaé assifier

ms,g,‘ e obStaTim XX T, Pe clag Vhh MexinlEs

—

~ ) =
S ()=~ 22 et (ogTe
)

tur devsion rule vs Uear () 0. (Weace Be vane LDA).

Once again, we need to estimate the unknown parameters w1, ..., g, 71, .., T, 2.

Wse 5(}thaf 'A/‘Mbv(us as p:/ case.,

To classify a new value X = z, LDA plugs in estimates into §;(x) and chooses the class .
which maximized this value. — oot 5}: [Z) cﬁl,gu;x dass b wekimgyg

| by

Let’s perform LDA on the Default data set to predict if an individual will default on

their CC payment based on balance and student status. Cre. 5”’}"“’"'”3’
Payes ClusnFer),
librarygﬂéggl # package containing lda function
lda fit <- lda(default ~ student + balance, data = Default)
lda_fit  ~ \ .
Spta‘{} formuly J"msf' ke L & 7(,«4
## Call:
## lda(default ~ student + balance, data = Default)
##
## Prior probabilities of groups:
## No Yes
## 0.9667 0.0333 £— eshades off T bescd o cless Mcmiu«iu'p (th
## Mly\l}? Ao
## Group means:
## studentYes balance v Ay '6’ vah be.gr‘ withh 50—04 clacs
## No 0.2914037 803.9438
## Yes 0.3813814 1747.8217 wed foeshinete Uy
##
## Coefficients of linear discriminants:
## LD1

. Comn L o <
## studentYes -0.249059498 Linear Lihattios “‘@ £t '
## balance 0.002244397 Lalance, uscd Mo foept de LDA doeizim

baundey.
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’ﬁmm? o eif-
deta "av e,
# training data confusion matrix

table ("E‘ic"é'éict (1da_fit)sclass "Defaultsdefault)

ﬂ}‘){- L,DA’ [JP&JA‘O}\WS rrp L res Ml;l/‘na,w,-/uf— Ad/‘l'a,
## Thwe.
##; No Yes
##3 No 9644 252
## < Yes 23 81

Why does the LDA classifier do such a poor job of classifying the customers who default?

table(predict(lda_ fit)Sposterior[, "Yes"] > 0.2, DefaultSdefault)

##

## No Yes
## FALSE 9432 138
## TRUE 235 195

1.00 |
0.75 4 error
] — error_1
= 0501
> — error_2
0.254 — error_tot
0.00 1

T T T T T T

0.0 0.1 0.2 0.3 0.4 0.5
threshold
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3.4 QDA

LDA assumes that the observations within each class are drawn from a multivariate
Gaussian distribution with a class-specific mean vector and a common covariance matrix
across all K classes.

Quadratic Discriminant Analysis (QDA) also assumes the observations within each class
are drawn from a multivariate Gaussian distribution with a class-specific mean vector but
now each class has its own covariance matrix.

Under this assumption, the Bayes classifier assignes observation X = z to class k for
whichever k maximizes

When would we prefer QDA over LDA?
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4 KNN

Another method we can use to estimate P(Y = k|X = z) (and thus estimate the Bayes

classifier) is through the use of K-nearest neighbors.
u,ea./‘(»f'f'
The KNN classifier first identifies the K points in the training data that are closest to the

test data point X = z, called N'(z).

Ther we Con estinde (Y= |X=x) as

- 3 Iy =)
K A NG)

# v{"*»lnf{ PN (,eflwl

Just as with regression tasks, the choice of K (neighborhood size) has a drastic effect on
the KNN classifier obtained.

KNN, K =1 KNN, K=10
6
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6 3 0 3 6 6 3 0 3 6
x1 x1
KNN, K = 100 Bayes Classifier D sest ve canda |
6
\(j( Hﬁ?‘u"
nocv 3
\}aal’
1o puadar class
L Ko B
o2
-3
-6

3 5 3 R 3 ) 3 5
x1 x1
- dwoSt‘h? cocadt land o P(CO&L{*’Y 0 crticl To gucces’ br a‘a wetuad (K“M ’ (osghhihe ryrS5ior,
LpA vs. QDA).
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5 Comparison

LDA vs. Logistic Regression

(LDA & Logistic Regression) vs. KNN

QDA
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