Chapter 6: Linear Model Selection &
Regularization
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In the regression setting, the standard linear model is commonly used to describe the rela-
regression setting

tionship between a response Y and a set of variables Xi,..., X,.
V:PB "—F/)&' +--.—+Ff,)(p +&
47{;{:&“? ,P{{- Vwo‘t[ bxs,‘»} least sqQuaves.

L
we wil dele abost ( [altr wl g0
ehes ways Wwe covld uﬁgron-J‘) 1l hen-libcar).
T popien.
The linear model has distinct advantages in terms of inference and is often surprisingly

competitive for prediction. How can it be improved?

reflacc (east Sqvacts Wt q[{cm,,aﬁw ,@hépa, f/"“alM/ES,

We can yield both better prediction accuracy and model interpretability:
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1 Subset Selection

We consider methods for selecting subsets of predictors.

1.1 Best Subset Selectun

To perform best subset selection, we fit a separate least squares regression for each possi-
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We can perform something similar with logistic regression. F H""af 2F molls pelo =2 1":’22 s
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1.2 Stepwise Selection
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For computational reasons, best subset selection cannot be performed for very large p. brp> ‘
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_Stepwise selection is a computationally efficient procedure that considers a much smaller
subset of models.
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1.3 Choosing the Optimal Model 3
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~% Neither forward nor backwards stepwise selection are guaranteed to find the best model
containing a subset of the p predictors.

When P>”'- 'Pofwam( cdection Con be weee| CLMTG'J’D “[)1'0 n-| /Pru&‘o#r,c , ket p).

1.3 Choosing the Optimal Model
Prst Subset bor wrord /L/Lbb,mw{ cledt all ped P Pl bosl “imoded — sccocdiky b il erer,

f”h\
tre ‘e r{‘h‘l‘m‘ Werl => t es“lnw’alt’—s +L:T ereor. _/ng-f-,h,\,ajz 4 dﬂ(,)‘%_
Qgs dh B (‘7}" d é( ’ 7 N W kﬁ @ a‘d’vﬂ?" 1";(4}\,!,9 toe mold 522,

Bo = w(rss + 2457
7 = cshnate ,f, Ve antt. bﬁ_ £ Al wodled
# predichs
h subid mvdel

wdd f‘”’% to '{““"”"}” bra- [R9S> fo ad)oct for under cstimtbor of tst ecmr

. «s M Cf’ T
@AIC &@ For maxipum Ulidibasd fi#s ( b ldrewr K45 v/ least s Quo/cc7- Eﬂm :Dil:/
ovtes§
,.[lc(i\ Aic= ;é—L[K%'f’zl{%)
‘;75&0\(/{_ ‘
answ B[C = m (Rgs_}_ }DZ'CM)A 2’2) |
Sinie §, w7 P <7 logli) 22 S UC [ heas peelly & by iiiles =7 wsults i sl
@Adjusted R? ([em‘ cquorts wodels)
R = |- % i TS 47
L - EL/L":é;‘l hoose madel Y hihest a4 42
A—AJ R™ = \ 755/ (o) [ 9 M L%

i @Validation and Cross-Validation
— D;N_Of’L,a echmede dest error U/ Vi dston or CV ad hesse model v/ lDVerf Cbmeted eron.

= \f@r.,r JM‘(J [ cen b m,_,}\ w/ N\-a/ migl') evia wL, {'('; a1 Cl?&r L\MJ Mma “{JN,A,'L{»/S' ot a f)—e,\aﬂ,ﬂ

Naw he hai ‘B»:[’ (»,\r{)wk” :) CU & em{‘em{}‘



2 Shrinkage Methods

The subset selection methods involve using least squares to fit a linear model that contains
a subset of the predictors. As an alternative, we can fit a model with all p predictors using
a technique that constrains (regularizes) the estimates.
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Shrinking the coefficient estimates can significantly reduce their variance!
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2.1 Ridge Regression
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2.1 Ridge Regression )

The standard least squares coefficient estimates are scale invariant.
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In contrast, the ridge regression coefficients 8, can change substantially when multiplying
a given predictor by a constant.
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6 2 Shrinkage Methods

Why does ridge regression work?
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2.2 The Lasso 7

2.2 The Lasso

Ridge regression does have one obvious disadvantage.
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This may not be a problem for prediction accuracy, but it could be a challenge for model
_interpretation when p is very large.
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As with ridge regression, the lasso shrinks the coefficient estimates towards zero.
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8 2 Shrinkage Methods

Why does the lasso result in estimates that are exactly equal to zero but ridge regression
does not? One can show that the lasso and ridge regression coefficient estimates solve the

following problems
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In other words, when we perform the lasso we are trying to find the set of coefficient esti-
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2.3 Tuning 9

2.3 Tuning

We still need a mechanism by which we can determine which of the models under consid-
eration is “best”.

For Sbset we hse d Cf( Alc/BLle, aalu'usfw( Ry eV ereor.

f."‘v{?/\T{ .
For both the lasso and ridge regression, we need to select L (or the budg gg"s). 7
2l 4

o fu\ﬂt‘rﬁz:af:}

@ gC‘t(@ F{*lb‘(/{'@ff 'l'v [I\Gtw, 4f. dev. = 1

o ,‘(/( P Vv (l/(e;" | W&u‘+ )
@ . g [ 2/ f;oww el W ;u_o! b oaor)" 9 d,
|'\ ' o -

) Lompde CV creor™der vack 2 SR

oct? T
@ ‘(;0\5’-"1' 2 ny phich  CU erer 1% bwnc\,stij ek = {”7‘7‘

@ refif model W\ﬂﬁ all cwailalle ovgvatons od selcted 2 ¥;¢ -7

#‘Na{'@‘_ g (l llmpﬂff“*T fo Lale wrialles. X%, Gr olasso Ho hare sf dev <1,



