Chapter 7: Moving Beyond Linarity

So far we have mainly focused on linear models.
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Previously, we have seen we can improve upon least squares using ridg;egression, the las-
S0, principal components regression, and more.
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Through simple and more sophisticated extensions of the linear model, we can relax the :
linearity assumption while still maintiaining as much interpretability as possible. —> extensiac 7

(A /WQM
© Palynomrol regress e add extra fﬂ’l‘d"f it ace °”;7"’J variables Lo w pover
lypor ot YR

Ve

seen eug. it rgrenin bre X X, X7 a5 prdides = G 2R fX b 20 g2 g
,H,M'sd/\%

already. bt Monlinmer HF

- i th lW?C/ fgl/ﬂf‘s [,.o[7namp‘ﬂl ton ’/""—é(/ 9"""’7&- ,/'Aa/fg (esf)éa“ob//? rear '/f-c Aow\,lg/?,)

@ Step Functins . cot +he rens e of o Vajalle Ito K distret reg/brs +o frmé’ue_
a Cw'fcjorl’L‘b{ Vﬂﬂulc. E.f G f¢1¢c¢A/(IS(, Lom&'fW'T —[\,.,){)vm 'z'o X

@ W—". Morc aFle,(L;{& *H\m P@[yp/wl‘ﬂ( df\,j {_]‘f ]ﬁUﬁuﬁl‘;} C{)‘MS_ L°%>
I\Atd! (ut m"a& ’f )( Iafo t I(J}J’l'4f P“?/\ms % (.)09{“,,..‘4,{ )\ _'[:{_ T ec-btn
r671b/|.
Po[jnor«.“dr we nsteined So fut foy we Smorthly Jorhod.

@ Gerentived addiFe Models axfend above o deal v/ M“{’<7(& precaefs.
it il edilittlita.

We &r go:llg + start w/ f{‘vb‘oh—-a, )’ 6 )( (5117(1/ f),Jﬁ/v/) od ek ) L M/{\{IJ[Z’

; (frp.Xs pXopX)
. . &xp Ae
ND{Q/ © Je can +ﬁ“¢ f‘ejrﬂﬁ/“ll 6/ O(afél‘ﬁxfdfm'\ y/ a.Lavt_ e.9, {/pg;sﬁ‘c reyressin mW):‘fﬁ’?(ﬁo"ﬁm—@(ﬁ.xﬁi‘;

L




1 Step Functions

Using polynomial functions of the features as predictors imposes a global structure on the
non-linear function of X. -

We can instead use step-functions to avoid imposing a global structure.
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For a given value of X, at most one of C1,...,Ck can be non-zero.
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Example: Wage data. @, 8 govp ,{ 3000 mafe workers - M f;,+[o,1,~c regi.
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2 Basis Functions

Polynomial and piecewise-constant regression models are in facé special cases of a basis
function approach.

Idea:
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Instead of fitting the linear model in X, we fit the model
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We can think of this model as a standard linear model with predictors defined by the basis
functions and use least squares to estimate the unknown regression coefficients.
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3 Regression Splines

Regression splines are a very common choice for basis function because they are quite flex-
ible, but still interpretable. Regression splines extend upon polynomial regression and
piecewise constant approaches seen previously.
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Instead of fitting a high degree polynomial over the entire range of X, piecewise polynomi-
al regression involves fitting separate low-degree polynomials over different regions of X.
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For example, a pieacewise cubic with no knots is just a standard cubic polynomial.
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A pieacewise cubic with a single knot at point ¢ takes the form
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In general, we place K knots throughout the range of X and fit i + 1 polynomial regres-
sion models. of degee d.
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6 3 Regression Splines

3.2 Constraints and Splines

To avoid having too much flexibility, we can constrain the piecewise polynomial so that the

fitted curve must be continuous.
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To go further, we could add two more constraints
@ lsf defiV ﬁ\’fllf"s Oﬁ ™ f)l‘cc?(./(‘s(/ (gl_yh,,ml"hlg arc. Cowbhuons g (Pz haofs

4 .
@ 2,o~ Jerlvﬁ’“’””ﬂ e r.*ecfuts(, F"L'Ilf""“.‘{‘ 6t lonfaows I f% Hofs.

In other words, we are requiring the piecewise polynomials to be smooth.
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Each constraint that we impose on the piecewise cubic polynomials effectively frees up one
degree of freedom, bu reducing the complexity of the resulting fit.
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The fit with continuity and 2 smoothness contraints is called
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3.3 Spline Basis Representation 7

3.3 Spline Basis Representation

Fitting the spline regression model is more complex than the piecewise polynomial regres-
sion. We need to fit a degree d piecewise polynomial and also constrain it and it’s'd — 1 de-
rivatives to be continuous at the knots.
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The most direct way to represent a cubic spline is to start with the basis for a cubic poly-
nomial and add one truncated powér basis function per knot.

ho, D)= (x-%) = gt(x»sv’ T ox>f e T e bt
O butr.

5 K
=Y = Pf,* PG B £ F}x?-*’ % %‘*J" L‘CXE’(%) t &

T]’MS Will lead 4o L?wn'f:/l%l\\"‘ﬁr £ 04':?, he ;r"l denvihe of (/,,J\ f\)’ b—/ Lorhnmous
Best o word dedvidves God tontinuchy ﬁi% (eed ot ).
A’E ‘ K _1— b[ (Cu[ﬂ\c SfJ(A\/\L bv/ < Mo{-q)-

Unfortunately, splines can have high variance at the outer range of the predictors. One so-
. . . h’_—\__d_'
lution is to add boundary contraints. fe. Lan x s ey Smelf

o lMJ/--

=> " nafund SFL(‘I\QM

e Ul‘rf-t/( b lllll at fne .Lou*la/‘ ere X
Juckion  req Jo be lingor t CQ\J gt Fon lrges? |paot )

X s ee /j\(’,. Syb\l_ﬂb»‘f #‘-07“

aA(/(f'Fl\me/e Cg-aS‘{'YIN‘I\-I/ W(oiu-cg wore gf'z[;(,f, ﬂ/fd;['\of-{lawg ot fre Lo-:n/”l'ff.



8 3 Regression Splines

3.4 Choosing the Knots

When we fit a spline, where should we place the knots?
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3.5 Comparison to Polynomial Regression
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4 Generalized Additive Models

So far we have talked about flexible ways to predict Y based on a single predictor X.

Generalized Additive Models (GAMs) provide a general framework for extending a stan-
dard linear regression model by allowing non-linear functions of each of the variables
while maintaining additivity.

4.1 GAMs for Regression

A natural way to extend the multiple linear regression model to allow for non-linear rela-
tionships between feature and response:



10 4 Generalized Additive Models

The beauty of GAMs is that we can use our fitting ideas in this chapter as building blocks
for fitting an additive model.

Example: Consider the Wage data.
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4.1 GAMs for Regression

Pros and Cons of GAMs
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12 4 Generalized Additive Models

4.2 GAMs for Classification

GAMs can also be used in situations where Y is categorical. Recall the logistic regression
model:

A natural way to extend this model is for non-linear relationships to be used.

Example: Consider the Wage data.
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