Chapter 7: Moving Beyond Linarity

So far we have mainly focused on linear models.
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Previously, we have seen we can improve upon least squares using ridg;egression, the las-
S0, principal components regression, and more.
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Through simple and more sophisticated extensions of the linear model, we can relax the :
linearity assumption while still maintiaining as much interpretability as possible. —> extersiac 7

(A /WQM
© Palynorral regress e add extra fﬂ’l‘d"f frt ace °”;7"’J variables xid L w pover
ypor ot YR

Ve

seen eug. it rgrenin bre X X, X7 ag prdides = G2 RrfX b X0 g5 g
,H,M'sd/\%

already. bt Monlimer HF

- i th lW?C/ fgl/ﬂf‘s [,.o[7namp‘ﬂl ten ’/""—é(/ 9"""’7&- ,/'Aa/fg (esf)éa“ob//? rear '/f-c Aow\,lg/?,)

@ Step Furctns . cot the rens e of o Vagalle Ito K distret =g/brs +o frmé’ue_
a Cw'fcjorl’L‘b{ Vﬂﬂulc. E.f G f¢1¢c¢A/(IS(, Lom&'fW'T —[\,.,){)vm 'z'o X

® Begio Sples < o flelle b polgnisd ad g forchos Cortods 1)
I\Atd! (ut m"a& ’f )( Iafo t I(J}J’l'4f P“?/\ms % (.)09{“,,..‘4,{ )\ _'[:{_ T ec-btn
r971(7/|.
Pﬂ[jp\aw\."df ort. wrsteined S0 ot fﬂo? s S/uo-ﬂ\% ljo,l\aa(,

@ Gerentived addiFe Models axfend above o deal v/ M“{’<7(& precaefs.
it dl sttt

We &ar go:llg + start w/ f{‘vb‘oh—-a, )’ 6 )( (5117(1/ f),Jﬁ/v/) od ek ) L M/{\{IJ[Z’

; (frp.Xs pXo.tpX)
. . exp Ae
ND{Q/ e can +ﬁ“¢ f‘ejrﬂﬁ/“ll 6/ O(afél‘ﬁxfdfm'\ y/ a.Lavt_ e.9, {/pg;sﬁ‘c reyressin mW):‘Z’?(Fo"/ﬁ)w—@(?mr/&i‘;

L




1 Step Functions

Using polynomial functions of the features as predictors imposes a global structure on the
non-linear function of X. -

We can instead use step-functions to avoid imposing a global structure.
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For a given value of X, at most one of C1,...,Ck can be non-zero.
LJLL@'\ >( < C, all C([ﬂ,--. Clc.[X) =0.
= {30 ?A%Frv{col as Pe  mea vele A@ y Llen X £ ¢

?n rtfrcsﬂ/v‘r a,YC(d.ﬁ)Z I‘ACﬂ:aW l‘o WS{)DI\S@, -(:/ x c [ C_U' .)(/\)A‘H’> rf/(ov‘hlrc /a, >(< L',I

\We, ca ol Hf b grestior fr clasel footi
<P ( ot B Gl ich[xﬂ
~ = —/_/—/__
{@EIN F )
I+ LxP[SLD'& B C LR« +Pelel).
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2 Basis Functions

Polynomial and piecewise-constant regression models are in facé special cases of a basis
function approach.

Idea:
L\C‘V‘ a 'Fam('(7 6f funchoas o —fra/\r#rma:l',ba5 N Con be a”[.hoﬁ + avarelle X
b (%), -, b (X).

Instead of fitting the linear model in X, we fit the model
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We can think of this model as a standard linear model with predictors defined by the basis
functions and use least squares to estimate the unknown regression coefficients.
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3 Regression Splines

Regression splines are a very common choice for basis function because they are quite flex-
ible, but still interpretable. Regression splines extend upon polynomial regression and
piecewise constant approaches seen previously.
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Instead of fitting a high degree polynomial over the entire range of X, piecewise polynomi-
al regression involves fitting separate low-degree polynomials over different regions of X.

g plecsie cibic o Koot of © &X\/

(e %‘f +w0 gl(lﬁ(’(b.'r P°[7Kq~\(‘a.[5"!’\7 dota

pne o Sebet & x<cC

one wm sibef s x ZC.
For example, a pieacewise cubic with no knots is just a standard cubic polynomial.

l\{: -Pl'{' Fakt],\,M:'J_ o{—‘ J(vr‘ﬁ('/ O '_-\/7 F'\chf_w(}{_ Coni‘rh\‘f ’15"-'“"“‘

A pieacewise cubic with a single knot at point ¢ takes the form
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6 3 Regression Splines

3.2 Constraints and Splines

To avoid having too much flexibility, we can constrain the piecewise polynomial so that the

fitted curve must be continuous.
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In other words, we are requiring the piecewise polynomials to be smooth.
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Each constraint that we impose on the piecewise cubic polynomials effectively frees up one
degree of freedom, bu reducing the complexity of the resulting fit.
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3.3 Spline Basis Representation 7

3.3 Spline Basis Representation

Fitting the spline regression model is more complex than the piecewise polynomial regres-
sion. We need to fit a degree d piecewise polynomial and also constrain it and it’s'd — 1 de-
rivatives to be continuous at the knots.
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The most direct way to represent a cubic spline is to start with the basis for a cubic poly-
nomial and add one truncated powér basis function per knot.
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8 3 Regression Splines

3.4 Choosing the Knots

When we fit a spline, where should we place the knots?
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4 Generalized Additive Models

So far we have talked about flexible ways to predict Y based on a single predictor X.
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Generalized Additive Models (GAMs) provide a general framework for extending a stan-
dard linear regression model by allowing non-linear functions of each of the variables

while maintaining additivity.
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10 4 Generalized Additive Models

The beauty of GAMs is that we can use our fitting ideas in this chapter as building blocks

for fitting an additive model.
W
Example: Consider the Wage data. " e Cd‘fﬂzflt

«— . .V
U“ﬁc = }ZD ‘I’f{ (’aear) + jCz(fL;e) %E(ggﬂaw#,m> +E
l/JLuv 5{ (“5 a nwfumf {F["N’ "’/ " df-
£ 05 a wotnl i o/ 04
p

{ ¥ I'olM-Ha PM,}.,M rﬁ Au,,ma vaithles Ceghd & e, levd .&U&W

3 C ?.‘ecw'zﬂ tnstat).

Cﬂ(-7+ (,-(‘f "v/ \east gﬂllfms L?, (',[l\oo?\‘rvr ’-\-WN{MBJC Lﬂﬂ? fFwala,\;_

~
\%10 § 401 —
N ]
. j 0_ B 20
< [79) 5 O —
} o o 10, TN ——
W o0 © et s v 8w @
- 820 8y 5§ & 2 % ¢
L o 3 o o 3 o al
= @ A4 T T © o e
2.4 c -301 ‘{-\,\Q v N g % §
% . S N
g\\\"‘l %‘ / 2004 2006 2008 20 40 60 80 ;
year age education
m‘rt*"'{sf,\kr'&'
P S_{-
R 0 f holdiy ey uaables Constat )
V‘elw('(wsl’u‘f LLJ(V‘M %..j‘ Von 4,%,. w/i b’“ﬂﬂl\ ( "a 3
,Lef@w‘- had o od  (ducanm Il‘x(,"\, MY feols Lo docrtar v e (isFlapie?)
_ m,ilg . f,w““a) _a‘.“\ ﬁ,,J n_zgu,ﬂ/h”"\ ,F“*CJ/ LJa?, Nt (ow -Fo./ ’aav.s? f,z,ofle ﬂu\o{ ou Pcblafe/ 'A|'"71«S'r

l:or \“w}ert’\to{:@k -

“neafe W ke (o \.O«roe
o oo blling o o e hd, vy el b e v e

> e cald casily rplace §i wth bROd Spouth Sunchwes od ot dilked S,
‘)(Mi' ,uu} s M bass WJ‘*F ﬂbﬂ‘rSiv%s.



4.1 GAMs for Regression 11

Pros and Cons of GAMs
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12 4 Generalized Additive Models
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GAMs can also be used in situations where Y is categorical. Recall the logistic regression
model:
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A natural way to extend this model is for non-linear relationships to be used.
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