Chapter 6: Linear Model Selection &
Regularization

In the regression setting, the standard linear model is commonly used to describe the
relationship between a response Y and a set of variables X1,..., X,
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The linear model has distinct advantages in terms of inference and is often surprisingly
competitive forﬂ@%l. How can it be improved?
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We can yield both better prediction accuracy and model interpretability:
— _—

M—(’T—’ W frue thﬂiLr’f 0y N [trna.f => |east Squeres U hoye low lg('ag_

e N>z = also gy low Vadane =7 ’Pq@r”‘ Wt gn dest Jota!
F n wef much [“"’0" e ’P“—‘/7 L\[g\/\ Va.n'aL((WT = pov anarmu-
g p=n =7 no [g,\?u haie a ua-'ﬂg»c soluhon =2 Vitres = po =5 famet Lo wsed ataly !

%gd B V‘GAMU, vonbact utheat M&t‘f} dvo mauch Leus.

W: often many Varables v O Fopression e mol asoc e o/ respoase.
By cmoimy (st f:=0), 1o e Saie ¢ more easly popTulle wodd
Neber least sques wit- Mﬂ% e e M p;"f?-
=5 ped veriahle cdodion.

Suat 1w o.w[vd t 107'%\" h’ﬁnse,'m,



1 Subset Selection

We consider methods for selecting subsets of predictors.

1.1 Best Subset Selection.

To perform best subset selection, we fit a separate least squares regression for each
possible combination of the p predictors.
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We can perform something similar with logistic regression.
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1.2 Stepwise Selection
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For computational reasons, best subset selection cannot be performed for very large p.” vite p e
._———‘_/_/_— 7 -

Pt subsd oy alss subsed Whea 'plng becanse /) o \rr'rt sear ch space ca. fip,l ?"’J mod ds
I Aminlg A e poscly ontest Loty .
= \Aﬁgl,\ vavfk‘,fli’f} « VW%Q’\\? tun sCCar.
Stepwise selection is a computationally efficient procedure that considers a much smaller
subset of models.
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1.3 Choosing the Optimal Model 3
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2 Shrinkage Methods

The subset selection methods involve using least squares to fit a linear model that contains
a subset of the predictors. As an alternative, we can fit a model with all p predictors using
a technique that constrains (regularizes) the estimates.
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Shrinking the coefficient estimates can significantly reduce their variance!
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2.1 Ridge Regression
Recall that the least squares fitting procedure estimates 3y,. .., 8, using values that
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The tuning parameter A serves to control the impact on the regression parameters.
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2.1 Ridge Regression 5

The standard least squares coefficient estimates are scale invariant.
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Therefore, it is best to apply ridge regression after standardizing the predictors so that

they are on the same scale: ,
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6 2 Shrinkage Methods

Why does ridge regression work?

B@W“ ‘% /TJ"E Ll\a}’VDVIRM M&"'ﬁa{

As 9(’[\, {3 PLON‘L’(‘W? of Pe ﬂ\‘g?& ra;nr‘s'(:;q &t J/
9> Vasaner G«ﬂ L(‘af7\

M '\/L'\ﬁsl

'le MSE = s

W b

%

tn sfnadans vl relakianship befeem respoie ¢ 'prwb‘d‘ff 15 % (ear

LS Lt kmww.

\ > N ’
\,ﬁr@f\ .F ElMI’S'I' Qas [/C"}/— @ n => DLS kﬂ'u- LLﬂ-Vﬁ L\J_ﬁk VMQLl[aﬁ{_

(< ?'? P7ﬂ \east (%ﬂlfts Aoesn + evan hove Q_VM\ZV@ soluchon,
v

ridge rppesion o Sl ek vl e bes sconcis by bwdiy A o Swalllamanet of bins
ko o decease m Vanaace.

Lz N)—‘iﬁ reget §510 workes L)éf & LU‘7L Veridr SCman'vs,

A'\@i
A0
Cost advarteqe ovtr g bt @liction

e e Epd X nly By powatdl (e bt badd 1),

hide, roauss,‘m {‘»mvw me\w Pecrmnse.

Dn} i+ aL(Sﬂ L\C[P nS bfl"kﬂ crkaf/@h}ﬁ‘m?



2.2 The Lasso 7

2.2 The Lasso

Ridge regression does have one obvious disadvantage.
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This may not be a problem for prediction accuracy, but it could be a challenge for model
interpretation when p is very large.
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As with ridge regression, the lasso shrinks the coefficient estimates towards zero.
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As a result, lasso models are generally easier to interpret.
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8 2 Shrinkage Methods

Why does the lasso result in estimates that are exactly equal to zero but ridge regression
does not? One can show that the lasso and ridge regression coefficient estimates solve the

following problems
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In other words, when we perform the lasso we are trying to find the set of coefficient
estimates that lead to the smallegt RSS, subject to the contraint that there is a budget s for
how large Z:;:l |8;] can be.
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2.3 Tuning

2.3 Tuning

We still need a mechanism by which we can determine which of the models under
consideration is “best”.
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3 Dimension Reduction Methods

So far we have controlled variance in two ways:
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2.3 Tuning 11

The term Wg comes from the fact that this approach reduces the problem
of estimating p + 1 coefficients to the problem of estimating M + 1 coefficients where
<N\

M < p. | T
Bospur- P p700-20M
Note:
M M f = P £ 9 ¢~ .
L0y 2im = I, em = (Pme-‘J' A Z' =Ty
m=| Mz J°) J:' M=
= Z By

. . . ; 37 . .
Dimension reduction serves to constrain j;, since now they must take a particular form.

B M
PJ - %19'“%'

=7 el case of origiel  Liner HiCSsion mod-<l (vith fi Conshained ).
Y tam (wfredute higg Ao welhuded espmaks

Y if p > 4he (or pan), shechy
M <KLp am oy yeromce.

All dimension reduction methods work in two steps.

O Hsponed predices ore oftined (B we obtaiad).
®) f model wiig M dacshencd drs bom (D).

Te sdogion of, ¢\jm‘5 len b dove in muttiple wags Ve il dalke qbort 4.




12

3 Dimension Reduction Methods

3.1 Principlé Component Regression

X 40 Principal Components Analysis (PCA) is a popular approach for deriving a low-
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3.1 Principle Component Regres... 13

The Principal Components Regression approach (PCR) involves
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14 3 Dimension Reduction Methods

3.2 Partial Least Squares

direion
The PCR approach involved identifying linear combinations that best represent the
predictors X, ..., X,,.
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4 Considerations in High Dimensions

Most traditional statistical techniques for regression and classification are intendend for
the low-dimensional setting. n>7p
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In the past 25 years, new technologies have changed the way that data are collected in
many fields. It is not commonplace to collect an almost unlimited number of feature
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Data sets containing more features than observations are often referred to as high-
dimensional.
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16 4 Considerations in High Dimen...

What can go wrong in high dimensions? gmj /& dalic abot least quees Lk e puer bor loispn
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Many of the methods that we’ve seen for fitting less flexible models work well in the high-
dimension setting.

When we perform the lasso, ridge regression, or other regression procedures in the high-
dimensional setting, we must be careful how we report our results.



